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Let R be a commutative ring with identity and M an R-module. We will 
call M an E-module provided Hom,( R, M) = Hom.( R, M). Such modules 
were first studied by Schultz [S], who called them R-groups. His main 
results involved the case M = R, in which R was called an E-ring. While 
these definitions seem very specialized, E-rings and E-modules have played 
an important role in the study of torsion-free abelian groups. A particularly 
nice example is the result of Niedzwicki and Reid [NR], which says that 
the abelian groups cyclic and projective as modules over their 
endomorphism rings are precisely the groups of the form G = R@ M, 
where R is an E-ring and M is an E-module over R. 
Bowshell and Schultz [BS] obtained a structure theorem for finite rank 
torsion-free E-rings (Theorem 1.1) and examples of these rings abound in 
the literature (see, for example, [PV]). However, the structure of 
E-modules is less well known, and beyond some basic ones, few examples 
appear in print. 
In Section 1 of this paper we develop the basic properties of E-modules. 
In Section 2 we consider E-modules over rings R which are torsion-free of 
finite rank as abelian groups. The machinery of Section 1 allows us to 
reduce to the case where R is an integrally closed subring of an algebraic 
number field. The torsion-free E-modules are then characterized in terms of 
certain character modules contained in the Galois closure of QR 
(Theorem 2.8). 
In Section 3 we consider the finite rank E-modules and show that it 
suffices to study the semi-local ones. These are characterized in Section 4 
(Proposition 4.3 and Corollary 4.7). Section 5 contains an example which 
indicates how to apply the results of the previous sections and justifies the 
use of the Galois closure of QR in Theorem 2.8. 
Unless otherwise stated, all groups are torsion-free abelian. We regard 
each such group G as contained in its divisible hull QG. Moreover, we 
identify a group homomorphism f: G + H with its unique extension to a 
Q-homomorphism f: QG -+ QH. Except for subrings of Q, all rings act on 
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the right of modules. If M is an R-module we will use m E M to denote the 
map r --f IMY in Hom(R. M). Unadorned Horn or 0 is understood to be 
over Z, the integers. 
The usual localization of a group G at a set of primes 7c is G, = Z,G. The 
symbols (X) and (X) * denote the subgroup and pure subgroup of a 
group G generated by a subset X. A dot above a standard symbol indicates 
the corresponding “quasi” concept, as in A and & for quasi-equality and 
quasi-isomorphism. Finally, we use JP to denote the ring of integers in an 
algebraic number field F. 
1. PROPERTIES OF E-MODULES 
Our first theorem is the structure theorem for finite rank torsion-free 
E-rings, which we state for reference. 
THEOREM 1.1 (Bowshell-Schultz). A torsion-free finite rank ring R is 
an E-ring if and only if R-R, x . . . x R, (as rings), where for each i, Ri is 
an E-ring, QR, is an algebraic number field, and Hom( Ri, Rj) = 0 for i # j. 
The lemmas which follow are routine consequences of the definition of 
E-modules. For this reason, proofs are either briefly outlined or omitted 
entirely. 
LEMMA 1.2. The following are equivalent for an R-module M. 
(a) M, is an E-module. 
(b) Q Hom(R, M) = Q Hom,(R, M) = Hom,,(QR, QM). 
(c) IffeHom(R, M), thenf(r)=f(l).rfor all rER. 
(d ) Every submodule of M is an E-module. 
(e) M is R-isomorphic to an E-module over R. 
LEMMA 1.3. Let M = @;, ,Mi be a direct sum of R-modules. Then M is 
an E-module if and only tf each Mi is an E-module. 
Proof. If M is an E-module, then each Mi is an E-module by 1.2(d). 
Assume each Mi is an E-module and denote by rci the natural projection of 
M onto M,. Then if f E Hom(R, M), nif(r) = xif( 1). r for each r E R by 
1.2(c). Thus, f(r) = f ( 1) . r for each r E R, and M is an E-module. 
LEMMA 1.4 (see [NR] ). Zf M is an E-module over R and ann,( M) = 
{rERIMr=O}, then M IS an E-module over R/arm,(M) and R/arm,(M) is 
an E-ring. 
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LEMMA 1.5. Suppose R = R, x ... x R,, is a ring direct product, Mlith ej 
the identity of R,. Let M be an R-module and denote M, = Me,, 1 < i6 n. 
Then M, is an E-module tf and only if each M, is an E-module over Ri. 
Proof By 1.3, M, is an E-module if and only if each M, is an E-module 
over R, since M = 0 M,. From 1.4 it follows that Mi is an E-module over 
R if and only if Mi is an E-module over R,. 
LEMMA 1.6. Suppose R and S are subrings of a Q-algebra A Mlith R A S, 
and that M is an R-s&module and N is an S-submodule of an A-module V 
brith MAN. Then M, is an E-module if and only if N, is an E-module. 
Proof: The quasi-equalities imply Q Hom(R, M) = Q Hom(S, N) and 
Hom,,(QR, QM) = Homo,(QS, QN). The result then follows from 1.2(b). 
A more general version of 1.6 can be stated using quasi-isomorphisms 
instead of quasi-equalities. We give this less cumbersome version, since it is 
all that is needed for our purposes. 
2. E-MODULES OVER RINGS OF FINITE RANK 
In this section we use the results of Section 1 to confine our study of 
E-modules over finite rank rings to modules over integrally closed subrings 
of algebraic number fields. The E-modules over such rings are then charac- 
terized in terms of certain character modules. Throughout, R is always a 
ring which is torsion-free of finite rank as an abelian group, and all 
modules are assumed to be torsion-free as abelian groups. 
Our first reduction is to assume that M is a faithful R-module. This we 
can do by 1.4. The same lemma then implies that R is an E-ring. Secondly, 
the structure theorem (1.1) and Lemmas 1.5 and 1.6 allow us to assume 
that QR is an algebraic number field F. The integral closure S, of R in F, is 
then quasi-equal to R [BPZ]. Therefore, given an R-module M, we can 
construct the S-module N = MS = MORS which is quasi-equal to the 
R-module MO 1 r M. Via Lemmas 1.6 and 1.2(e), M, is an E-module if 
and only if N, is an E-module. Thus, we can assume that R is an E-ring 
such that QR is an algebraic number field F and such that R is integrally 
closed in F. The fact that QR = Fallows us to utilize some linear algebra in 
our study of E-modules. 
Let Q c Fc K be finite field extensions with [F: Q] = n. Then 
Hom(F, K) may be viewed as a left K-module with (kq)(a) = kq(a) for all 
a E F, k E K, cp E Hom(F, K). In particular, dim, Hom(F, K) = n. 
LEMMA 2.1. If 'p,, . . . . (P,, is a K-basis for Hom(F, K) and a,, . . . . a, is a 
Q-basis for F, then the matrix A = (cpi(aj)) is non-singular. 
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ProoJ If det d = 0, then the rows of A are linearly dependent over K. 
That is, there exist k,, . . . . k,,E K, not all zero, with C;=, kicpj(aj) =0 for 
eachj. Therefore x7=, ki’pi=O in Hom(F, K) since a,, . . . . a, is a Q-basis of 
F, contradicting the linear independence of cp, , . . . . qo,. 
LEMMA 2.2. Let ‘p,, . . . . cp,, he a K-basis of Hom(F, K) and let W be a 
right K-space. Then 
(a) WOK Hom(F, K)gHom(F, W) under the map 0 which sends 
“V@cp to M’(P. 
(b) Each f~ Hom(F, W) has a unique representation f = Cr= 1 wicpi 
with wit W. 
Proof: Let a,, . . . . u,, be a Q-basis of F, so that A = [~~(a,)] is a 
non-singular matrix by 2.1. If f~ Hom(F, W), write (w,, . . . . w,) = 
(f(a,), . . . . f(a,,)) A-’ E IV”. Then (f(a,), . . . . f(a,)) = (w,, . . . . w,) A, so that 
f(a;) = I:=, w,cp,(ai) for 1 <j < n. That is, f = z;= r wi(pi, and the map 0 is 
surjective. Note also that the wi are uniquely determined so that (b) is 
proved. Moreover, since ‘p,, . . . . (Pi is a K-basis of Hom(F, K), every element 
of W@, Hom(F, K) can be written in the form C;=, w,O (pi, WOE W. If 
0(x;, , wi@ cp,) = I;= I wj’pi= 0, then wi = . . . = w, = 0 by the uniqueness 
property. Thus, 0 is l-l and the proof of (a) is complete. 
Notation 2.3. We henceforth assume K is the Galois closure of F over 
Q, and denote G = Gal(K/Q), H = Gal(K/F). Let 0,) . . . . cn E G be represen- 
tatives of the left cosets of H in G, noting that [G: H] = dim, F. 
LEMMA 2.4. The elements a, 1 F, . . . . a, 1 F are K-linearly independent in 
Hom(F, K), hence u K-basis for Hom(F, K). 
Proqf This is a classic result due to Dedekind. The proof can be found 
in Galois Theory by E. Artin, for example. 
LEMMA 2.5. With the notation of 2.3, let S be a full subring of K and 
R A S n F. Let N he a right S-module. If x1=, wiar 1 R E Q Hom(R, N) for 
some choice of )vi E QN, then wiai 1 R E Q Hom( R, N) for 1 6 i 6 n. 
Proof: Choose a Q-basis a,, . . . . a, for F with each aiE R. Write 
C;=, w,aJR=feQHom(R, N). Then (f(a,) ,..., f(a,))=(w, ,..., w,)A, 
where A = [ai(a Moreover, for b E F, (f(ba,), . . . . f(ba,)) = 
(w 1, ...t w,)Cai(baj)l = (~‘12 ...> w,)Ca,(b) ai = (w,a,(b), . . . . w,a,(b)) A. 
Since f E Q Hom( R, N) and S is full in K, there is an integer m > 0 such 
that mf E Hom(R, N) and mA ’ is an n x n matrix over S. Then 
m2(w,a,(b), . . . . w,a,(b)) = (mf(ba,), . . . . mf(ba,)) mA-’ EN” for all b E R. 
That is, \t’,aiE Q Hom(R, N) for 16 i < n. 
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In addition to the notation of 2.3, we now assume that R is a full subring 
of F and that S is the integral closure of R in K. 
Let N be an S-module, and for 0 # w E QN, let 
Because N is an S-module, X,,,(w) is an S-submodule of K for each w E QN. 
If M’ E IV, then S c XN( w). 
PROPOSITION 2.6. If N is an S-module, then N, is an E-module if and 
only zf o 1 R # Q Hom( R, X,(w)) for all 0 # MI E QN and (T E G\H. 
Proof Assume that N, is an E-module. If 0 #w E QN and c E G\H, 
then W(T) R 4 Q Hom(R, N) = Q Hom,(R, N) since wo 1 R is not an R-map. 
Equivalently, 0 1 R 4 Q Hom( R, X,(w)). 
To show the converse, let f E Q Hom(R, N) s Hom(F, QN). By 
Lemmas 2.2(b) and 2.4, f has a unique expression f=z;= i wi~il R with 
gl, . . . . cn a set coset representatives for H in G. By 2.5, each wioil R E 
Q Hom(R, N). That is, gi E Q Hom(R, X,v(wi)). By hypothesis, either wi = 0 
or 0, E H. Therefore, f = wc7 I R with 0 E H, so that f E Q Hom.( R, N) since 
(T IR = identity. Thus, N, is an E-module. 
LEMMA 2.1. If L is an S-submodule of K and 0 # w E QL, then 
L 2 XL(w). 
Proof As previously remarked, XL(w) = {k E KI wk E L} is also an 
S-submodule of K. Since w E QL = QS = K, there is an integer m > 0 such 
that mw, mw -‘ES. ThenmL=mww-‘L~V’LcX,(w), whilemX,(w)= 
mwplwXL(w)~wXL(w)~L. 
We can now prove the main result of this section. 
THEOREM 2.8. Let R be an E-ring with QR = F, an algebraic number 
field, and let A4 be a torsion-free R-module. Let K be the Galois closure of F 
over Q, S the integral closure of R in K, and N = A4BR S. Then the following 
are equivalent. 
(a) M, is an E-module. 
(b) N, is an E-module. 
(c) Xn(w) is an E-module for each 0 # w E QN. 
Proof To show (a) o (b), note that S, being the integral closure of R, 
is quasi-equal to a finite rank free R-module [L]. Thus, N, = MQR S is 
quasi-equal to a finite direct sum of copies of M,. By Lemmas 1.2(e), 1.3, 
and 1.6, M, is an E-module if and only if N, is an E-module. 
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To show (b) o (c), let 0 # M’ E QN and denote L = Z,(w). By 2.7, for 
each it” E QL, L k &( iv’). It follows from 2.6 that L is an E-module if and 
only if cr 1 R $ Q Hom(R, ?&(u”)) = Q Hom(R, L) = Q Hom(R, ?&(M’)) for 
all W’ E QL and 0 E Gal(K/Q)\Gal(K/F). A second application of 2.6 shows 
that N, is an E-module if and only if each %Jw) is an E-module. 
3. FINITE RANK E-MODULES 
In this section, A4 is restricted to be an R-module of finite rank as an 
abelian group. Assuming that M, is faithful, it follows that the rank of R is 
also finite, so the results of the previous section may be applied. 
PROPOSITION 3.1. If R is a finite rank torsion-free ring and { Mi : i E Z} is 
a directed set of pure submodules of the R-module M such that M = UiG, Mi, 
then M is an E-module if and only tf each Mi is an E-module. 
Proof: The only if statement follows from 1.2(d). Conversely, suppose 
each Mj is an E-module and choose x,, . . . . X, E R such that (x,, . . . . x,) is 
a full subgroup of R. Then given f,: R + A4, there exists jE Z such 
that f (x, ), . . . . f(x,,) E M,, since (Mil iE I) is directed. Thus, f(R) = 
f(<x,, . . . . x,),)~ (f(.v,), . . . . f’(s,)),~M,. This implies ,feHom,(R, Mi) 
c Hom,(R, M) since M, is an E-module. 
An easy consequence of the proposition helps justify our focus on 
modules of finite rank. 
COROLLARY 3.2. The R-module M is an E-module tf and only if each 
pure finite rank submodule of M is an E-module. 
Recall that a group A is quotient divisible if there is a full free subgroup B 
of A such that AIB is divisible. 
LEMMA 3.3. Let A be a torsion-free group of finite rank. The following 
are equivalent. 
(a) A is quotient divisible. 
(b) For all torsion-free groups G, Q Hom(A, G) = fi, Q Hom(A,, Gp). 
(c) For all subgroups G of A, Q Hom(A, G) = nP Q Hom(A,, Gp). 
Proof: The implication (b)=(c) is clear. For (a)*(b), assume A is 
quotient divisible and let B be a finite rank free subgroup of A such that 
A/B is divisible. Since Q Hom(A, G) E nP Q Hom(A,, GP) always holds, we 
show the reverse inclusion. Let f E nP Q Hom(A,, GP). Then there is a 
positive integer k such that kfB) E G. Since f E Q Hom(A,, G,), there 
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exists Y > 0 such that p’kf A,) E G,. Let a E A. We can write a = p’a’ + x for 
some a’ E A and .Y E B since A/B is divisible. Thus kf(a) = p’kf(a’) + 
kf(x) E G,. Therefore kf(A) c nG,, = G and f~ Q Hom(A, G). 
For (c) j (a), suppose A is not quotient divisible. Then if B is any full 
free subgroup of A, AJB z DO R where R is an infinite reduced torsion 
group and D is divisible. Choose a subgroup C of A containing B such that 
A/C z R. Then for each prime p, 1 E Q Hom(A,, C,) since A,/C, z R, is 
finite. On the other hand 1 $ Q Hom(A, C) since A/C z R is infinite. Thus 
Q Hod.4 C) # 0, Q HoMA,, C,). 
Now suppose R is an E-ring and M, an E-module. Since QR is a 
product of fields (Theorem 1.1) it follows from [BP1 ] Theorem 4.6 that R 
is a quotient divisible group. By 3.3, Q Hom(R, M) = np Q Hom(R,, M,). 
Using the finite Q-dimension of both sides we can deduce that there is a 
finite set n of primes such that Q Hom( R, M) = nP t n Q Hom( R,, M,,). Let 
M, be M localized at the set of primes 71. Then Q Hom(R, M) E 
Q Hom( R, M,) c npt I Q Hom( R,, M,) = Q Hom( R, M). It follows that 
Q Hom(R, M) = Q Hom(R, M,) = Q Hom,(R, M) = Q Hom,(R, M,) = 
Q Hom.JR,, M,) and (Mrr)R, is an E-module. 
This discussion is summarized in the following. 
PROPOSITION 3.4. Let R be a finite rank torsion-free E-ring and M a 
,finite rank torsion-free R-module. Then there is a finite set II of rational 
primes such that Q Hom( R, M) = n,,, r[ Q Hom(R,, M,). In this case the 
.follo,tYng are equitlalent. 
(a) M is an E-module oL>er R. 
(b) M, is an E-module over R. 
(c) M, is an E-module oL)er R,. 
COROLLARY 3.5. Jf R is a finite rank torsion-free E-ring, then there is a 
,finite set x of primes such that R, is an E-ring. 
4. E-MODULES OVER SEMI-LOCAL RINGS 
The results of Section 3 show that the study of finite rank E-modules 
may be confined to the case of modules over semi-local rings R. Moreover, 
we may take R to be an integrally closed subring of an algebraic number 
field as in Section 2. The results of Section 2 can then be put into a more 
easily utilized form. 
For convenience, we list the notation which will be used throughout this 
section. 
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Notation 4.1. 
F = algebraic number field. 
J, = ring of integers in F. 
rr = finite set of prime ideals of J,. 
R = (Jt-L = r)Psn(JI;)P. 
K = Galois closure of F/Q. 
S = integral closure of R in K. 
= (J,), where E is the finite set of prime ideals of J, lying over the ideals 
in n. 
G = Gal( K/Q). 
H = Gal( K/F). 
We will need a generalization of Theorem 2.7 in [BP2]. 
LEMMA 4.2. If M is an R-submodule of F, then there is a set A s 7c such 
that M A (J,),, . 
Proof Up to quasi-equality, we may assume 1 E M, because M is full in 
F. In this case R s M. Let P E rr and pZ = Pn Z. Then R, is a discrete 
valuation domain and the proper R,-submodules of F are of the form 
PkR, with k E Z. If k > 0, then pkR,= PkR,~ R,, while pkPpkR,= 
R, c P- kRp. Thus each proper R,-submodule of F is quasi-equal to R,. In 
particular, MR, A R, or MR,= F. 
Let A={PE~cI MR, A R,) 1. Since n is finite so is A, and (J,), = 
R, = r)Pt,, R, A CI)Pe,, MR,= npsn M, = M. The last equality follows 
from the fact that M, = MR, = F for P a prime in R not contained in A. 
Hence, (J,), A M. 
From the proof of Lemma 4.2, we may infer that if A and A’ are sets of 
prime ideals of R, then (J,), & (J,),. implies /i’ z A. This fact, applied to 
SC K rather than R E F, justifies the following. 
DEFINITION. With the notation of 4.1, let N be a torsion-free S-module. 
For each UJ E QN, define AN(w) = A where X+(w) G (J,), . 
The preceding discussion shows that A,(w) is uniquely defined. Note 
that S L J?&(U)) implies that AN(w) E 5 where ii is the set of prime ideals of 
J, lying over the primes in rc. Our next result employs the permutation 
action of G on the primes of J,. 
PROPOSITION 4.3. With the notation of 4.1, let M be a finite rank torsion- 
free R-module, and N = M OR S. Then M is an E-module if and only i$ for 
all 0 # w E QN and a E G\H, A,,,(w) & aii. 
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Proof: Denote A = AN(w). Then A z aE is equivalent to 
%Jw-~ (J,), 2 (JK),* by definition of A,(w) =A. Since (JK)an = 
a(J,), = OS, the condition A sa7f is equivalent to %,v(w) 5 aS, that is, 
(T E Q Hom(S, :X,+(w)). Since S is quasi-equal to a free module over R, 
CJ E Q Hom(S, 9Jw)) if and only if 01 R E Q Hom(R, %J w)). Finally, since 
N, is an E-module if only if M, is an E-module (2.8), Proposition 2.6 gives 
the result. 
COROLLARY 4.4. With the notation of 4.1, suppose A is a set of primes of 
F Mvith A L n. Then (JF),, is an E-module over R if and only if H = 
(0 E G 1 ;i c oii ), where ;i is the set of primes of K lying over the primes in A. 
Proof Let M= ( Jp),l and N=MS=(J,),-gM@,S. By 2.7, 
:&,( ,v) A N for all 0 # w E QN. Thus, for 0 # w E QN, AN(w) = /i, and 
Proposition 4.3 gives the desired result. 
To conclude this section, we translate the result of Proposition 4.3 into a 
purely group theoretic criterion. 
With the previous notation in force, let p be a rational prime and denote 
fp= {PEi?[PEP), A,,p(~~)={P~AN(~~)Ip~P}~jlp. Then ir=lJ,tip 
and A,,,(,c) = IJ, A,,(w), where the (disjoint) unions may be taken over 
the rational primes p such that pR # R. Indeed, if pR= R, then 
ii,, = A,, p( W) = 4. Note that if P is a prime of J, and p E P, then p E aP for 
all (TE G. Therefore, the condition of Proposition 4.3, AN(m) g ail for 
0 E G\H can be reformulated as, for 0 E G\H, AN. p(w) S$ ati, for some p. If 
c E H, then (T fixes the primes in rc. It follows that af = il and hence that 
cril, = it, for each rational prime p. In particular, A,,,(w) E a%, = Ir,. 
Consequently, the criterion of 4.3 can be restated as 
fi {aEG)A,,,(w)~a71p)=H forall w~QN. (4.5) 
Fix a rational prime p and choose a prime P of J, lying over p. Let C be 
the decomposition group of P, C = {a E G 1 aP = P}. There is a bijection 8, 
from the left cosets of C in G onto the set of primes of J, lying over p, 
given by e(rC) = tP. Extend 8 to a map from subsets Xc G which are 
unions of left cosets of C (XC= X) to subsets of primes by 0(X) = 
{0(rC)lzCcX} = {TPI VEX}. By definition, afl(rC) = arP= e(arC), so 
that se(X) = f3(ax) for X a union of left cosets of C and a E G. It follows 
that the subsets of G that occur in (4.5) can be described in group 
theoretical terms 
{acGIA,~,(w)Ca%p}= {aEGIB~1(A,,(w))~e-1a71p}. (4.6) 
If P’ is a different prime of J, lying over p, then P’ = rP for some r E G. 
In this case rCr-’ is the decomposition group of P’, and the map 8’ 
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corresponding to P’ is related to 19 by 0(Xr) = e’(X). In particular, 
e-‘(n,,,(w))~B-‘aii, if and only if ~-‘(A,,Jw)) 2-l E (V’aii,) 2-l or 
e’-‘(nN,,(w)) c 8’-‘a7c,. In other words, the sets on the right side of (4.6) 
do not depend on the choice of P. 
Notation. For each rational prime p, choose a prime ideal P of J, with 
p E P. Let 0, be the map defined above and denote 
x, = e, ‘( 71J Y,(lv)=e,-‘(/l,,,(,t~)) 
[X,: Y,(w)] = (crEGI YpaYp}. 
With this notation added to that already in effect, Proposition 4.3 can be 
reformulated. 
COROLLARY 4.7. The R-module A4 is an E-module if and only if 
n [Jr,: Y,(w)] = II ,for all WE Q(MOR S). 
pR#R 
In case M = R and R is p-local, this corollary is identical with 2.9 of 
WI. 
5. EXAMPLE 
In this section we given an example of an E-ring R and an R-module A4 
such that ZJw) = {.x E FI wx E M} is an E-module for each 0 # w E QM, 
but M is not an E-module. This shows that use of the integral closure S of 
R in the Galois closure K of F= QR is essential in Theorem 2.8. 
Let K/Q be a Galois extension of degree 6 with G = Gal(K/Q) = S, = 
(a, tjcr3= ~~ = 1, zoz=a’). Let F be the fixed field of (t) so that 
[K:F] =2, and denote H=Gal(K/F)= (t). 
Let p be a rational prime that splits completely in K, that is, pJK= 
Qr Q, . . . Qs, with the Qi distinct prime ideals of J,. Then pJF= P, P, P, for 
some P1, P,, P, prime ideals of J, and we may assume P, J, = Q, Q2, 
P,J,= Q3Q4r P,J,= QsQe 
Note that G acts transitively on Q, , Q,, . . . . Q6 [L], so no element of G 
except 1 fixes any Q;. It follows that (without loss of generality) we may 
write 
t = (Q,Qz)(Q3Q,)(Q,Qd 
o= (Q,Q,Q,)(QPQ~QJ 
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as products of disjoint cycles of the elements Q, , Q,, . . . . Q6. Define 
R=(J,), where n= (P,,P,}, so that S=(J,),, where r~= 
{QI, Qz, Q,, Q,} is the integral closure of R in K. Let M= (JJa, be 
considered as an R-module. 
R is an E-ring and R, is an E-module over R, where P= P,. (5.1) 
To show R is an E-ring, it suffices, by 4.4, to show that (p E G/ 
rC s p7c) = H = { 1, t }. This calculation is straightforward. To show R, is an 
E-module, it suffices to show that R,S= S,. is an E-module, where 
71’= {Q,, Q2)-. By 4.4., we need to show {PEGI ??~pli} = H, which is 
again routine. 
If 0 # MI E QM, then zZ”~,(W) = (x E PI N.Y E M} A R,. Thus, 
I’~“~,(~v) is an E-module. (5.2) 
Without loss of generality, assume U’E M. Then R,G TM(w), so that 
XM(w) is an R,-module. Since R, is a discrete valuation domain, and A4 is 
reduced, there is an integer k 2 0 such that C&(w) = P-kR, A R,. 
M is not an E-module over R. (5.3) 
In particular, a2R c a’S E M, so that C’ 1 R E Hom(R, M)\Hom,(R, M). 
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